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I. INTRODUCTION AND RESULTS
The concordance ΛCDM standard cosmological model successfully explains a wide range of highly precise astrophysical and cosmological observations. Main ingredients are an early stage of accelerated expansion (inflation) a more recent stage of accelerated expansion driven by dark energy, and the presence of dark matter (DM) composed of primordial particles which are cold and collisionless at the time when the first structures formed [1, 2] .
In the cold dark matter (CDM) model, structure formation proceeds in a hierarchical bottom up approach: small scales become non-linear and collapse first and their merger and accretion leads to structure on larger scales. This is a consequence of the fact that CDM features negligible small velocity dispersions leading to a power spectrum that favors small scales. In this hierarchical scenario, dense clumps that survive the merger process form satellite galaxies.
Large scale ΛCDM simulations seemingly lead to an overprediction of satellite galaxies [3] by almost an order of magnitude over the number of satellites that have been observed in Milky-Way sized galaxies [3, 4, 5, 6, 7] . These simulations also yield a distinct prediction: virialized DM halos should feature a density profile that increases monotonically towards the center [3, 8, 9, 10, 11] such as the Navarro-Frenk-White (NFW) profile [8] or more general central density profiles ρ(r) ∼ r −β with 1 ≤ β 1.5 [5, 8, 11] . These profiles accurately describe clusters of galaxies but indicate a divergent cusp at the center of the halo.
There is, however, an accumulating body of observational evidence [12, 13, 14, 15, 16, 17, 18, 19] that seem to indicate that the density profile in the central regions of dwarf galaxies is smooth leading to the suggestion that the central regions feature smooth cores instead of cusps as predicted by CDM.
Warm dark matter (WDM) particles were invoked [20, 21, 22] as possible solutions to the above mentioned discrepancies both in the overabundance of satellite galaxies and as a mechanism to smooth out the cusped density profiles predicted by CDM simulations into the cored profiles seemingly observed in dwarf-spheroidal satellite galaxies (dShps). WDM particles feature a range of velocity dispersion in between the CDM and hot dark matter (HDM) leading to free streaming scales that smoothes out small scale features and could be consistent with core radii of the dSphs.
Even if these problems of the CDM model find other astrophysical solutions, it remains an important and intrinsically interesting question to assess the clustering properties of WDM candidates, since these may emerge from extensions beyond the standard model of particle physics. Furthermore, it remains an important aspect to understand possible departures of the CDM paradigm at small scales provided by alternative particle physics candidates.
The gravitational clustering properties of collisionless DM in the linear regime are described by the power spectrum of gravitational perturbations and in particular the transfer function that converts the primordial power spectrum into the power spectrum later in the matter dominated era, which in turn, is the input in the large scale numerical simulations of galaxy formation. Free streaming [2] of collisionless DM leads to a suppression of the transfer function on length scales smaller than the free streaming scale via Landau damping [23] .
Perturbations in a collisionless system of particles with gravitational interactions is fundamentally different from fluid perturbations in the presence of gravity. The (perfect) fluid equations correspond to the limit of vanishing mean free path. In a gravitating fluid, pressure gradients tend to restore hydrostatic equilibrium with the speed of sound in the medium, and short wavelength fluctuations are simple acoustic waves. For large wavelengths, the propagation of pressure waves cannot halt gravitational collapse on a dynamical time scale. The dividing line is the Jeans length: perturbations with shorter wavelengths oscillate as sound waves, while perturbations with longer wavelengths undergo gravitational collapse.
In a gas of collisionless particles with gravitational interaction the situation is different since the mean free path is much larger than the size of the system (Hubble radius) and the fluid description is not valid. Instead, the collisionless Boltzmann-Vlasov equation for the distribution function must be solved to obtain the dynamics of perturbations [1, 24, 25] .
The DM distribution function after freeze-out is the main ingredient to obtain the transfer function and the power spectrum in the linear theory. In principle the DM transfer function may be obtained by modifying the publicly available CMB anisotropy codes [42, 43] that treat baryons, photons and dark matter [44] , to account for the different distribution functions of several species and range of parameters, masses and couplings.
In practice, this is a computationally daunting problem: fairly complicated non-equilibrium distribution functions for a variety of possible DM species (axions, sterile neutrinos, etc) must be input in the codes (with substantial modifications of the standard codes). The exploration of the parameter space (masses, couplings and mixing angles) and their impact on the transfer function would require an enormous computational effort.
After matter-radiation equality, the contribution from the baryon-photon fluid to the DM transfer function can only be a few percent [1] . DM only couples to the baryon-photon fluid via gravitational interaction and the most prominent feature of this coupling on the DM transfer function are baryon acoustic oscillations (BAO) on a scale corresponding to the sound horizon at recombination, corresponding today to about 150 Mpc [45, 46, 47] . Our goal is to understand the (DM) transfer function at much smaller scales λ Mpc, at which the effect of the acoustic oscillations of the baryon-photon fluid (BAO) can be safely neglected.
Objectives:
The main goals of this article are the following: (a): to provide an analytic, accurate and simple framework to obtain the DM transfer function during matter domination for general initial conditions and arbitrary distribution functions of relic DM particles that decoupled in or out of LTE and that are non-relativistic after matter-radiation equality. Neglecting the gravitational coupling to the baryon-photon fluid entails that the DM transfer function will eventually require corrections at the few percent level. However, we seek to gain understanding of robust features of T (k) at small scales.
(b): to understand the impact of the statistics of the relic particle on the small scale properties of the transfer function. More precisely, we study which features of the distribution function affect more prominently the power spectrum at small scales.
Summary of Results:
We study the linearized collisionless Boltzmann-Vlasov equation in the non-relativistic limit for particles that decoupled in or out of LTE with arbitrary (but isotropic) distribution functions and general initial conditions.
It is transformed into an integro-differential equation for density perturbations which features non-local kernels that include memory of gravitational clustering and represent corrections to the fluid description.
The influence of this memory becomes more important at small scales. Fermi-Dirac (FD) and Bose-Einstein (BE) statistics result in long range memory, with the longer range for Bose-Einstein statistics. Distribution functions that favor small momenta lead to longer range memory and result in an enhancement of the transfer function at small scales.
We obtain an exact expression for T (k) for arbitrary initial conditions and distribution functions and provide a Fredholm expansion that systematically includes the effects of memory of gravitational clustering and higher moments of the distribution function, which are corrections to the fluid approximation.
An exhaustive numerical study of thermal relics that decoupled relativistically, (Fermions (FD) and Bosons, (BE)) or non-relativistically [WIMPs, (MB)] for different initial conditions reveal that the first two terms of the Fredholm series, given by eqn. (2.111) provide an accurate and simple approximation to the exact transfer function. These include explicitly the corrections to the fluid description and the influence of statistics on small scales. This approximation furnishes a useful tool to extract the broad properties of the transfer functions for arbitrary initial conditions and distribution functions.
The approximate expression for the transfer function given by eq.(2.111) features three main ingredients: (i): the solutions of Jeans' fluid equations, (ii:) the free streaming solution of the Boltzmann equation in absence of gravitational perturbations, (iii:) a non-local kernel that depends on the distribution function of the decoupled particles, it defines the second contribution in eq.(2.111), includes memory of gravitational clustering and represents a correction beyond the fluid approximation.
The scale of suppression of T (k) is the comoving free streaming wave-vector at matter-radiation equality, k f s (t eq ), where 1) and the angular brackets refer to the average with the distribution function of the decoupled particle, ρ 0M is the DM matter density today and a(t) the scale factor. We find,
where g d is the number of relativistic species at decoupling.
For large scales k k f s (t eq ), the contribution of the non-local memory kernel is subleading, whereas for scales k > k f s (t eq ) the memory of gravitational clustering and corrections beyond the fluid approximation become important.
FD and BE distribution functions lead to long range memory kernels with Bose-Einstein statistics leading to the longest range. Longer range memory leads to an enhancement of the transfer function (and power spectrum) at small scales as depicted in fig. 10 . For k > k f s (t eq ), (γ > √ 2) the difference in statistics of the decoupled particles becomes very important At large scales k ≪ k f s (t eq ) the transfer function T (k) in terms of the variable γ = √ 2 k/k f s (t eq ) has the following behaviour for all cases considered
where γ 0 is the same for Fermi-Dirac, Bose-Einstein and Maxwell-Boltzmann distribution functions, and is given by eq.(3.21). The transfer function for the three different cases (MB, FD and BE) can be compared by parametrizing them in terms of γ. This comparison for different initial conditions is displayed in fig. 10 . Simple functional fits to T (k) are provided on different regions of k for various initial conditions for thermal relics.
II. GILBERT'S EQUATION
After decoupling from the plasma, or freeze-out, the distribution function of the decoupled particles obeys the collisionless Boltzmann-equation. In absence of gravitational perturbations the solution of this equation yields a distribution function of the form [2, 39] 
where P f (t), a(t), a d are the physical momentum, scale factor and its value at decoupling respectively, and p is the comoving momentum. Consistently with isotropy we assume that f 0 is a function of p = | p|. During the matter dominated era, for modes that are deep inside the Hubble radius and DM particles that are non-relativistic the evolution of DM density perturbations and gravitational perturbations is studied with the nonrelativistic Boltzmann-Vlasov equation [24] . The non-relativistic case applies to all comoving scales (physical scales today) λ 170 Mpc which were inside the Hubble radius at matter-radiation equality and DM particles with masses m > few eV that decoupled before matter-radiation equality.
To linear order in perturbations the distribution function of the decoupled particle and the Newtonian gravitational potential are [1, 24, 25] 
where f 0 (p) is the unperturbed distribution function of the decoupled particle, ϕ 0 ( x, t) is the background gravitational potential that determines the homogeneous and isotropic Friedmann-Robertson-Walker metric and p, x are comoving variables. The reader is referred to refs. [1, 23, 25, 29, 30, 31] for details on the linearization of the non-relativistic collisionless Boltzmann-Vlasov equation.
In conformal time τ and in terms of comoving variables p, x the linearized Boltzmann-Vlasov equation is [23, 29, 30] 1 a
along with Poisson's equation,
It is convenient [29, 30] to introduce a new time variable s related to the conformal time τ by 6) and to take spatial Fourier transforms of the gravitational potential ϕ 1 ( x, τ ) and the perturbation F 1 ( x, τ ) to obtain
where
Integrating from the initial time s = s i to s, the Boltzmann-Vlasov equation (2.7) yields
This equation can be turned into an integral equation for the gravitational potential by multiplying both sides by
, integrating in p, and using the relation (2.8). We obtain
The right hand side of this equation, the inhomogeneity, is determined by the first term in the solution eq.(2.9) and describes the free streaming solution of the Boltzmann-equation in absence of gravitational perturbations. This can be seen directly by performing the inverse Fourier transform in k to spatial coordinates, which yields for the inhomogeneity the following form:
For a species that has become non-relativistic: p/m = v where v is the comoving velocity. Using the relation eq.(2.6) and dτ = dt/a(t) we see that
where v(t) = v/a(t) is the physical velocity of the non-relativistic particle and l f s (v; t) is the comoving free streaming distance that the particle with comoving velocity v has traveled during (comoving) time from t i until t [2] . The physical distance is obtained by multiplying the above expression by a(t). Therefore the inhomogeneity eq.(2.11) in eq.(2.10) is of the form
The variable s, related to conformal time as in eq.(2.6), obeys the differential equation
where a is the scale factor and H the Hubble parameter. For matter dominated cosmology
where 15) with H 0 = 100 h km sec −1 Mpc −1 is the Hubble parameter today and ρ 0M is the matter density today with Ω M = 0.233 for DM.
Normalizing the scale factor to unity today, namely a(0) = 1 and taking s i = 0 as initial value for the time variable s, eq.(2.13) is integrated to yield s = 2
The initial value of the scale factor a i corresponds to the value at matter-radiation equality a i = a eq = 1/(1 + z eq ) with z eq ≃ 3050. It is convenient to introduce a dimensionless time variable u as 17) so that
eq ≃ 0.982 (2.18) and the scale factor in terms of the variable u is
A. The free streaming length.
We note that during matter domination, the comoving free streaming distance is given by
We see that the second term in l f s (t) scales as 1/ a(t). This observation will be important below to establish the redshift dependence of the comoving free streaming wave-vector. Motivated by the expression for the free-streaming distance eq.(2.12) and (2.20) and by the usual Jeans' wavevector for fluids [24] , we introduce the physical free streaming wavevector,
The comoving free streaming wavevector is defined as
This definition of the free streaming wavevector is analogous to that of the Jeans' wavevector in a fluid replacing the speed of sound by V 2 (see the discussion below). It is clear from this expression that the comoving free streaming wave vector scales as
where, using eq.(2.22),
The comoving free streaming wavelength is given by:
There is a simple interpretation of k f s (t i ): consider the comoving free streaming distance that a particle with comoving velocity v = V 2 travels from the initial time t i = t eq until today. Setting s = 0 in eq. (2.20) and neglecting the second term since 1/ a(0) = 1 ≪ 1/ √ a eq ≃ 55.2, we find 27) We note that the free streaming wavevector at t eq is related to the free streaming distance that the particle has traveled between matter-radiation equality and today. The matter density today is
It also proves convenient to introduce the density perturbation 29) related to the gravitational potential as 30) and the gravitational potential normalized at the initial time
where s(u) is given by eq.(2.17). The unperturbed distribution functionf 0 (p) is a dimensionless function, and as such it can be written as a function of the ratio of the comoving momentum p and the value of the decoupling temperature today T d,0 and other dimensionless quantities, such as the ratio of the mass of the particle to the decoupling temperature, dimensionless coupling constants from the microphysics of decoupling etc., [2, 39] , namely 33) where T cmb = 2.348 × 10 −4 eV is the CMB temperature today and g d is the effective number of relativistic degrees of freedom at decoupling. For these distributions
Integrating by parts the momentum integral in the left hand side of eq.(2.10), integrating over the anglek ·p = cos θ and dividing both sides of the integral equation (2.10) by the initial value
Using eq.(2.33) and the value
for non-baryonic dark matter, α becomes
The cosmologically relevant range where this approach applies goes from scales well inside the Hubble radius (where the non-relativistic approximation is valid) till the smallest scales where the linearized approximations are valid (1000 Mpc)
Therefore, the range of the dimensionless variable α results as 0.24 10
As it is customary, we only consider distributions spherically symmetric on k. The non-local kernel in eqn. (2.35) is given by
where we introduced the normalized distribution functioñ
and
where we have assumed that F 1 does not depend on the direction of p.
The inhomogeneity I[α u] obeys the initial conditions
The density perturbation normalized at the initial time namely
Then, from eq.(2.35) δ(k, u) obeys the Volterra equation of the second kind
which is Gilbert's equation [29] . The initial conditions of the inhomogeneity eq.(2.44) lead to the following initial conditions on the gravitational potential and density perturbations
Exact results from Gilbert's equation
The long wavelength limit α → 0 of eq.(2.47) affords an exact solution. In this limit,
Therefore taking the second derivative with respect to u of the Volterra equation (2.47), we obtain
the solution satisfying the initial conditions eq.(2.48) is
which in terms of the scale factor eq.(2.19) is given by
This is the usual long-wavelength solution for density perturbations in a matter dominated cosmology. From the eq.(2.46) the long-wavelength limit of the gravitational potential is
We now show that δ(k, u) behaves as 1/(1 − u) 2 for all values of α when u → 1. Let us assume a general power law behavior for δ(k, u) as u → 1,
For u → 1 the integral in eq.(2.47) is dominated by the region u ′ ∼ u ∼ 1 , and we note that
In this limit we obtain
Inserting this result in eq.(2.47) we find two solutions: β = 2, −3 which are precisely the singular and regular solutions found in the long-wavelength limit [1] . Therefore, the dominant behavior for u → 1 for all values of α is
where in order to find the function A(α) we have to integrate the Gilbert equation from u = 0, where the initial conditions were defined, up to u → 1. Φ(k, u) is a slowly varying function of u in the sense that it is always finite as we see from eq.(2.59).
The transfer function: T (k) is defined from the limit [1] lim u→1 a eq a(u)
where we have used the relation eq.(2.46) and the initial condition eq.(2.48). It is customary to normalize the transfer function so that T (k) → 1 as k → 0, obtaining
A numerical study of δ(k, u) and T (k) depicted in figs. 1-5, 7, 9-10 show that T (k) decreases with k (or α). This is to be expected, k = 0 corresponds to the mode that grows the fastest as it is the most gravitationally unstable, larger values of k result in slower growth as a consequence of free streaming. The behaviour of the k = 0 mode is that of cold dark matter eq.(2.52). Therefore, T (k) is a measure of the suppression of the k > 0 wave modes and the k-scale of suppression of T (k) is necessarily related to the free-streaming wavenumber.
The final power spectrum P f (k) is related to the initial one
If perturbations do not grow or decay substantially during the prior, radiation dominated phase, P i (k) is nearly the inflationary primordial power spectrum [1].
Gilbert's equation (2.47) can be solved in a power series in u, appropriate for short times. We find from eq.(2.43)
Thus, we find from eqs.(2.63) and (2.47),
Therefore δ(k, u) starts out by growing or decreasing for small u depending on whether α < α c or α > α c , respectively, where
Namely, for α < α c the mode δ(k, u) is gravitationally unstable from the start (u = 0) while for α > α c the mode starts being gravitationally stable. However, due to the cosmological expansion all modes redshift and eventually become gravitationally unstable at some time u < 1. As can be seen from eq.(2.58), for u → 1 all modes are unstable. At early times, α c determines the stability limit of density perturbations. We carried out an exhaustive numerical study for cold, hot and warm dark matter (Maxwellian (MB) , BE and FD distributions). We find for large α that T (k) decreases exponentially in the Maxwell-Boltzmann case while for both bosons and fermions T (k) asymptotically decreases with a power law or exponentially (see below secs. IV A and IV B).
At different scales, the suppression of T (k) is described by a characteristic wave vector k char which depends on the initial conditions, the particle statistics and the regime of wavenumbers.
We obtain k char from the numerical study for different cases and k regimes, in all cases considered we find that k char ∼ k f s (t eq ).
C. Thermal and Gilbert's initial conditions
It remains to specify the initial perturbation F 1 (k, p; u = 0) of the distribution function. Although in principle this function should be obtained from the full evolution through the prior radiation dominated stage, in what follows we consider the physically motivated case of adiabatic perturbations for which the perturbation F 1 (k, p; u = 0) corresponds to a temperature perturbation,
namely,
These are the initial conditions proposed in refs. [21, 23] . Alternative initial conditions were proposed by Gilbert [29] , who chose 
3 b for temperature initial conditions. This inhomogeneous differential equation for δ 1 (u) can be easily solved using the Green's function of the differential operator in the l. h. s. We find for u → 1 after calculation,
Using eq.(2.61) we now obtain T (k) in powers of α 2 ,
where b is given by eqn. (2.63).
E. Gilbert's equation as an integro-differential equation.
The results obtained above suggest to convert the Volterra equation into an integro-differential equation. Taking the second derivative with respect to u of eq.(2.47) yields
(2.70)
It proves convenient to write the following identity in the y-integral: and to introduce 
Using the original eq.(2.47) to replace the term with y 2 in terms of δ(k, u) and I[α u], we obtain the following integro-differential equation for density perturbations
where the non-local kernel K(u − u ′ ) is given by
and we note that
is the three dimensional velocity dispersion of the non-relativistic particles today.
Using eq.(2.26), γ [eq.(2.73)] can also be written as
where λ is the wavelength of the perturbation. Using eqs.(2.24), (2.33) and (2.37), k f s (t eq ) and l f s (v; 0) are given by k f s (t eq ) = 0.0102
The transfer function for the three different cases (MB, FD and BE) turns to be parametrized by the dimensionless ratio γ = √ 2 k/k f s (t eq ) allowing us to compare the three different cases, in fig. 10 below. The alternative form eq.(2.75) of the original Volterra (Boltzmann-Vlasov) [eq.(2.47)] equation has several merits :
• Neglecting the non-local term and the inhomogeneity, eq.(2.75) can be written in a more familiar form in terms of cosmic time t:
where V 2 is given by eq.(2.77) and V 2 /a 2 (t) is the physical squared velocity of the non-relativistic particles.
The term between brackets in eq.(2.81) can be written as
where k f s (t) is the comoving free streaming wavevector eq. (2.22) . This equation must be compared to the usual fluid equation [24] in which the comoving Jeans wave vector k J (t) replaces k f s (t) with
where c s is the comoving speed of sound during matter domination. This expression shows that the comoving Jean's wavevector in the fluid description scales as a(t) during matter domination, just as the free streaming wavevector k f s (t) does. Thus, we see that the long-wavelength limit α → 0 (γ → 0) of eq.(2.75) yields the familiar fluid description.
Therefore the contribution from the non-local kernel K(u − u ′ ) is a correction to the fluid description. It will be seen below that this correction becomes important at small scales k > k f s (t eq ).
• In the long wavelength limit α → 0 (γ → 0) the kernel K(u − u ′ ) decreases as γ 4 ≪ γ 2 and its contribution to the dynamics of density perturbations becomes negligible.
Furthermore, expanding the kernel K(u − u ′ ) in a power series in k it can be seen that each term corresponds to higher correlations of the form
These correlations are typically neglected in the moment-hierarchy of the Boltzmann equation [1] .
• At short times u ∼ 0 it follows that
hence, its contribution is subleading for u 1/γ since δ(k, u ∼ 0) ∼ 1 by the initial condition.
• As u → 1, the u ′ integral in the kernel is dominated by the region u ∼ u
as obtained in eq.(2.58), therefore it follows that for u ∼ 1,
(2.84) Therefore in this region the contribution of the kernel is subleading as compared to the first three terms in eq.(2.75) although it could be larger than the inhomogeneity on the right hand side.
• It explicitly yields the asymptotic behavior δ(k, u → 1) ∝ 1/(1 − u) 2 as a consequence of the second term in eq.(2.75) and the analysis above. This feature will be seen manifestly in the analysis below. The above analysis points out that in all the regimes of interest the non-local contribution from the kernel is small as compared to the first three terms in the eq.(2.75) and can be treated perturbatively. For this purpose, it is convenient to write eq.(2.75) asδ
The source term is 
which is solved in terms of Bessel's functions. The general solution is given by
h 1 (z) and h 2 (z) are related to the spherical Bessel functions n 2 (z) and j 2 (z) [49] ,
h 1 (z) and h 2 (z) are the fundamental irregular and regular solutions, respectively, with the small argument behavior for z → 0 (u → 1):
and Wronskian 
Using eq.(2.95) we find
and the homogeneous solution is given by
Using the small argument behavior eq.(2.94), for γ = 0 (k = 0) the homogeneous solution δ (0) (z) reduces to eq.(2.52).
The general solution: The inhomogeneous equation (2.85) can be formally solved in terms of the retarded Green's function of the differential operator on its left hand side which obeys 
The formal solution of eq.(2.85) is then given by 
The gravitational potential Φ(k, u) can be analogously expressed using its relation with the density perturbation δ eq.(2.46) and eq.(2.101) with the result
where Free streaming for k = 0 leads to collisionless Landau damping of the gravitational potential and density perturbation. Although density perturbations still grow as 1/(1 − u) 2 for u → 1 the gravitational potential is bound |Φ| ≤ 1 and is a slow variable.
We obtain an exact expression for T (k) inserting eqs.(2.104) into the definition of the normalized transfer function eq.(2.60) and using the small argument limits eq.(2.94), 2 . Only the terms featuring h 1 (u) outside the integrals survive in this limit. The terms with h 1 (u ′ ) inside the integrals yield at most terms ∝ 1/(1 − u) 3 but they are multiplied by (1 − u) 5 , and vanish for u → 1. Furthermore, in the long wavelength limit I[0] = 1 ; S N B ∝ γ 4 and from the small argument behavior eq.(2.94) it is straightforward to confirm that T (k = 0) = 1.
The integral equations (2.102) and (2.104) can be iterated generating the usual Fredholm series as
where δ (1) (k, u) is given by eq.(2.103) to which we refer as the Born term because of its obvious similarity to the solution of a potential scattering problem,
is given by eq.(2.105) and
The The transfer function has also a systematic Fredholm expansion which up to second order yields
where we refer to the first order term
as the Born term because its origin is the Born term for the gravitational potential Φ (1) (k, u) and At this point it is worthwhile to emphasize the following important aspect: the first order, Born term in the transfer function only depends on the initial condition and describes the free-streaming suppression. The second order term, the integral of S N B , contains the information on the higher moments of the distribution function of the decoupled particles and the corrections to the fluid approximation through the non-local kernel K(u − u ′ ) eq.(2.76). The details of the distribution function beyond the first moment p 2 enter the transfer function at second order and beyond in the Fredholm series. It will be shown below that these contributions include memory of gravitational clustering and become important at short wavelengths γ > 1.
Eq.(2.111) provides a useful approximation to the transfer function for general initial conditions and distribution functions. Specific examples for which we obtain an exact numerical evaluation (see below) show that the second order approximation eq.(2.111) is remarkably accurate in a wide range of scales. These are some of the main results of this article.
III. COLD DARK MATTER: NON-RELATIVISTIC, MAXWELL-BOLTZMANN DISTRIBUTION.
The unperturbed distribution function for particles that decoupled while non-relativistic in local thermal equilibrium is a solution of the collisionless Boltzmann-equation (in absence of gravitational perturbations), given by
where the explicit expression for the normalization factor N may be found in ref. [39] , P f (t) is the physical momentum, a(t) is the scale factor and T d , a d are the temperature and scale factor at decoupling respectively. Since p = P f (t) a(t) is the comoving momentum (equal to the physical momentum today) and
is the decoupling temperature today, the unperturbed Maxwell-Boltzmann distribution function can be written in terms of dimensionless variables as
and the normalized distribution function is given bỹ 
The typical values of the masses and decoupling temperatures for WIMPs are m ∼ 100 GeV and T d ∼ The kernel Π[α (u − u ′ )] that enters in the Volterra equation (2.47) is best obtained by performing the momentum integrals of the distribution function in cartesian coordinates rather than performing the angular integration first. This is a consequence of the fact that the distribution function is a function of p 2 . We obtain the following equation for density perturbations 
From this expression we obtain the explicit form of the kernel K(u − u ′ ) that defines the source term eq.(2.88) and enters in the transfer function eq.(2.106), namely
In the cosmologically relevant case γ ≤ 10 −5 , we can safely approximate the density perturbation, gravitational potential and transfer function by their Born term in the Fredholm series, namely
10)
For the sake of comparison with the exact result and to display the dependence on initial conditions we study both initial conditions eqs.(2.65) and (2.66). The calculation of I[γ u] in both cases is best performed with cartesian coordinates, we find for the case of temperature perturbations eq.(2.65)
and for Gilbert's initial condition eq.(2.66)
They are connected by the simple relationship
(3.14)
Figs. 1 and 2 display the exact results for Φ(k; u) and T 2 (k) obtained by numerical integration of eq.(3.6) and using the relation (2.46), compared to the solution obtained with the Born approximation. It is clear that the Born approximation is remarkably accurate for γ 1, namely k k f s (t eq ). 1  2  3  4  3  5  6  7  4  3  5  7  4  3  5  8  7  4 9 
A. Short wavelength: memory of gravitational clustering
Although for WIMPs only the region of γ ≪ 1 is of cosmological relevance as discussed above, it is important to study the opposite limit γ ≫ 1 to understand how the memory kernel K(u − u ′ ) modifies the transfer function. It proves convenient to change variables to z = γ (u − u ′ ) and to replace in eq.(2.88) the density perturbation δ by the gravitational potential Φ(k, u) which is bounded in time, to write
Since Φ(k; u ∼ 0) ∼ 1 it is clear from this expression that S N B is negligible either at small time (u ≪ 1/γ) or in the long wavelength limit γ ≪ 1. The factor z 3 e − z 2 2 in the integrand grows as z 3 at small z, attains a maximum at z = √ 3, namely u − u ′ ∼ 1/γ, and falls-off exponentially for z > √ 3 for 1 − u ≫ 1/γ. Therefore, S N B begins to contribute for u > 1/γ. Since Φ(k, u) is still ∼ O(1) during this interval it follows that S N B becomes of O(1), whereas for large γ the Born term for Gilbert's initial conditions,
is suppressed for u ≫ 1/γ. Analogous conclusions follow for temperature perturbations where the expression for S B,A follows combining eqs.(3.14) and (3.16) . Therefore, for γ ≫ 1 there is a crossover in behavior: during 0 ≤ u ≤ 1/γ the Born term which dominates is of O (1) and the second order correction is negligible, while at u ∼ 1/γ both terms become of the same order, and for u > 1/γ the second order correction becomes important. Finally, for 1 − u ≪ 1/γ the small z region dominates yielding a logarithmic behavior for the second order correction. When this correction becomes important for γ ≫ 1, the transfer function T (k) is very small, suppressed at least by the prefactor 1/γ 3 .
For γ ≫ 1, in the region with γu ≫ 1 the upper limit of the integral can be taken to infinity. For 1/γ ≪ u ≪ 1 − 1/γ the dominant contribution arises from the region u ∼ 0 where Φ ∼ 1 is largest, in this region the full integral is of O(1).
Furthermore, since to leading order Φ decays via free-streaming on a time scale u ∼ 1/γ, its derivative is large during the initial free-streaming regime but becomes small for u ≥ 1/γ as can be gleaned from Figs 1-2. This analysis leads to the conclusion that S N B (u) becomes important for γ ≫ 1 in the region γ u ≫ 1, where it is of the same order (or larger) than the free streaming contribution (Born term). When S N B (u) becomes non-negligible the transfer function is suppressed by ∼ 1/γ 3 . Therefore, the corrections to the Born term become relevant at small scales when the transfer function has diminished substantially.
In the region u ≫ 1/γ the following Markovian approximation is reliable:
We emphasize that this Markovian approximation is valid only after the initial free streaming transient for u > 1/γ, since during the transientΦ ∼ γ. Therefore, although such Markovian approximation is available after the initial transient, the value of the gravitational potential must be matched to that at the end of the free-streaming period in order to provide the full dynamical evolution. The analysis above suggests that the influence of the memory kernel K(u − u ′ ) becomes important for short wavelengths γ > 1. Thus, for scales λ ≤ λ f s (t eq ) ∼ l f s (v; 0) where γ > 1 we need to include the second order term in the Fredholm expansion in the transfer function given by eq.(2.111), where
(3.18) and δ (1) (k, u) is given by eq.(3.9). Higher order terms are further suppressed by extra powers of 1/γ in the transfer function.
The addition of the second order correction yields a remarkably accurate fit to the exact solution of the BoltzmannVlasov equation in a wide range of scales down to scales λ ≪ λ f s (t eq ). Fig. 4 displays the comparison between the exact result for T 2 (k) compared with both the Born approximation and the next to Born approximation for initial conditions eq.(3.13). Fig. 5 displays the same comparison for the initial condition eq.(3.12). These figures confirm the analysis presented above: the Born term is a fairly accurate approximation in the region γ 1 and the second order correction becomes significant at γ ∼ 1. Including the second order correction yields a remarkably accurate approximation in a wide range of scales 0 < γ < 5. We obtain T (k) for large scales expanding eq.(3.13) for small γ u 19) and follow the same steps leading to eq.(2.69), setting b = 1/2 according to eqs.(2.63) and (3.19) , and replacing α by γ in eq.(2.69), with the result γ 0 characterizes the fall-off of T (k). We find for a given initial condition γ 0 is independent of the statistics for thermal relics.
For WIMPs the long-wavelength approximation (3.20) describes T (k) in the whole range of scales of cosmological relevance for structure formation in the linear regime, since for these scales γ 10 −5 and the Born approximation describes the DM density and gravitational perturbations outstandingly well.
Although for the scales of interest for structure formation T (k) given by (3.20) gives the correct description, it is illuminating to study the small scale behavior of T (k).
The precise numerical solution of eq.(3.6) shows that T (k) for temperature initial conditions has a zero at γ = 7.7 . . . as shown in fig. 10 and is negative for γ > 7.7 . . . decreasing exponentially for γ > 10 as
where x MB ≃ 1.3 and γ MB ≃ 1.55 both for temperature and Gilbert initial conditions eqs.(2.65) and (2.66).
We draw the following important lessons from this study:
• For k ≤ k f s (t eq ), the Born approximation gives a simple and very accurate description of the transfer function.
It inputs the free streaming solution in absence of self-gravity and the mode functions associated with the fluid description. These only input the average squared velocity, therefore the first moment p 2 of the distribution function. This approximate but fairly accurate solution yields a simple tool to understand different distribution functions and initial conditions in generic situations.
• The short wavelength region of the transfer function k > k f s (t eq ) is remarkably well described by correcting the Born approximation with the second order term in the Fredholm solution. This correction incorporates higher moments of the distribution function and includes important memory effects of gravitational clustering and corrections to the fluid description. This approximation while just slightly more involved than the Born term also yields a rather simple and systematic tool to study the effects of higher order correlations and the full structure of the distribution function along with memory of gravitational clustering in generic situations.
• We see that the scale characterizing the suppression of T (k) with γ decreases with k (and γ). Namely, γ 0 characterizing the suppression for small k is larger than the characteristic suppression scale for larger k.
Nevertheless, the numerical study shows that the characteristic suppression scale k char related to a characteristic dimensionless ratio γ char by eqs.(2.33), (2.36), (2.38) and (3.4), namely:
is such that in all cases considered we find γ char ∼ O(1). Therefore, k f s (t eq ) obtained from free particle propagation [eqs. 
IV. WARM AND HOT DARK MATTER: FERMIONS VS. BOSONS
In this section we consider thermal relics that decoupled in LTE while ultrarelativistic, but that have become non-relativistic during matter domination. Their normalized distribution function after freeze-out are given bỹ
for FD and BE respectively, with T d,0 being the decoupling temperature today. We study each case separately. It is convenient to state the following general result in order to estimate the large momentum contribution of the various integrals. Consider a generic integral of the form
where F (0), F ′ (0), F ′′ (0) · · · are finite and F (∞) = 0. Integrating by parts consecutively we find the large z behavior
T (k) decreases in k with a characteristic scale k char which depends on the initial conditions, the particle statistics and the regime of wavenumbers. k char translates into a characteristic scale α char in the dimensionless variable α. k char is related to α char by eqs.(2.33), (2.36) and (2.38):
For fermionic and bosonic thermal relics α char ∼ O(1) because in these cases y 2 ∼ O(1).
A. Fermions
For fermions that decoupled relativistically in LTE with the normalized distribution function eq.(4.1), it follows that
leading from eq.(2.79) to the free-streaming wavevector today
For the initial condition eq.(2.65) the inhomogeneity is
whereas for the initial condition eq.(2.66)
Using the result eq.(4.4) we find that for both initial conditions the asymptotic behavior of the inhomogeneity for α u ≫ 1 is given by 
FD . Thus, whereas for γ ≫ 1 the Maxwell-Boltzmann distribution leads to a short range memory kernel, the FD distribution yields a long range kernel that keeps memory of the initial state and the initial value of the gravitational and density perturbations. We can now study the transfer function as a function of γ comparing the exact result with the Born approximation eq.(2.112) and the next to Born term eq.(2.113). The analysis presented in the previous section of the different contributions also applies to this case:
For long wavelengths γ < 1 the second order correction S[δ 1 , u] is much smaller than the Born term because the kernel K(u − u ′ ) is of order γ 4 , hence T (k) is dominated by the Born term and by the free streaming solution.
At shorter wavelengths γ > 1 the kernel K(u − u ′ ) begins to contribute at u > 1/γ and peaks at u ′ ∼ u as indicated by Fig. 6 but by this time both the density perturbation and gravitational potential inside the integrand have decayed substantially leading to a suppressed contribution to the transfer function.
This analysis leads to conclude that for γ < 1, T (k) is dominated by the Born term while second (and higher) order corrections become relevant for γ > 1.
We have confirmed this analysis by comparing the exact numerical solution of Gilbert's equation with the Born approximation and the second order correction to the transfer function for both initial conditions eqs.(4.8) and (4.9). The results are qualitatively the same in both cases and we present them for temperature initial conditions in fig.  7 . The agreement between the exact result and the Born plus second order correction is remarkable. The numerical study confirms the analysis above, the second order contribution, which includes the memory of gravitational clustering becomes important for γ > 1, namely at small scales, but when it begins to be appreciable, T (k) has been highly suppressed. For γ 5 we find that T 2 (k) 10 −5 .
T (k) for large scales follows from eq.(2.69) and
for fermions. We find that the large scale approximation for T (k) eq. (3.20) is also valid in the FD case.
The precise numerical resolution of eq.(3.6) for fermions shows that T (k) for Gilbert initial conditions [eq.(2.66)] and γ > 4 decreases as
see fig. 10 .
The behavior of T (k) for temperature initial conditions [eq.(2.65)] is more involved as displayed in fig. 10 : we find that T (k) decreases exponentially for 4 < γ < 15 as
, c f a ∼ 7.6 , γ f a1 ≃ 0.89 .
(4.14)
For γ > 15 T (k) decreases faster than in eq.(4.14), it vanishes and becomes negative at γ ≃ 16.72. For γ > 25 T (k) decreases in absolute value as power law:
We find that the scale of suppression itself slides with scale. For Gilbert initial conditions, we see that the characteristic fall-off scale of T (k) increases with increasing k, from γ 0 ≃ 1.62 . . . for small k to γ f g ≃ 3.7 for γ > 6. Instead, for temperature initial conditions, the characteristic fall-off scale decreases with increasing k reaching values γ f a ≃ 0.89 − 0.96 for γ > 4. However, all of these are of the same order ∼ O(1) which is a manifestation of a unique characteristic scale γ char ∼ O(1) as also found in the case of the Maxwell-Boltzmann distribution.
Therefore, in terms of wavevector k this observation translates into the statement that the relevant scale for suppression of T (k) is k f s (t eq ), although the functional form of T (k) itself depends on scale and initial condition, in this case varying from exponential to power law.
We anticipate that the power law behavior of the kernel K(u − u ′ ) for fermions [eq.(4.11)] leads to a longer memory on the initial conditions than in the Maxwell-Boltzmann case eq.(3.8). For γ ≫ 1 the range of the Born term and that of the kernel are much longer for fermions than for the Maxwell-Boltzmann case. Then, both the free streaming solution and the gravitational perturbation (or alternatively the density perturbation) for small values of u ′ inside the integrand in K(u − u ′ ) yield larger contributions for FD than for Maxwell-Boltzmann. We indeed find that |T (k)| for thermal Fermions and for a given value of γ is enhanced relative to that of the Maxwell-Boltzmann particles [see fig. 10 ]. 
B. Bosons
For thermal bosons that decoupled while relativistic with the normalized distribution function eq.(4.2) we find
leading from eq.(2.79) to the free streaming wave vector today
, z = α u (4.18) and for the initial condition eq.(2.66)
Using the result eq.(4.4) we find that the asymptotic behavior of the inhomogeneity for α u ≫ 1 for both initial conditions is given by
This is an even slower power law fall off than in the FD case and even much slower than the Gaussian-exponential fall off in the Maxwell-Boltzmann case.
Since I[α u] is the free streaming solution in absence of self-gravity (normalized to one at the initial time), we see that with either initial condition the Bose-Einstein distribution function leads to a much less efficient free-streaming smoothing of the initial perturbation.
This long range feature associated with the Bose-Einstein distribution is also manifest in the kernel K(u − u ′ ). Again, using eq.(4.4) we find that the kernel K(u − u ′ ) eq. (2.76) with the normalized Bose-Einstein distribution eq.(4.2) falls off as BE statistics, more specifically the behavior of the distribution function at small momentum, leads to a slow fall off with a power law and long range memory, even much longer than the FD case because of the divergence of the distribution function as y → 0.
The long-range nature of the kernel brings about important consequences: even for u ∼ 1 the kernel is sensitive to the region u ′ ∼ 0, therefore the initial value of the gravitational potential Φ(k, u ∼ 0) ∼ 1, which is the largest value that Φ attains, contributes with a large measure to the integrand. This feature in turn results in that free-streaming is less efficient, and a large memory of the initial value of the gravitational potential remains. This produces an enhancement in the transfer function as compared to the Maxwell-Boltzmann and Fermi-Dirac cases, in which the memory in the kernel is of much shorter range and the initial (maximum) value of the gravitational potential does not contribute as much to the integrand for u ∼ 1.
This remarkable difference will be studied explicitly below in a comparison between the three cases. For bosons eqs.(2.73) and (4.16) yield,
and we now have all the ingredients to study the transfer function as a function of γ to compare to the previous cases.
The analysis presented in the previous cases for the magnitude of the contributions from the Born and second (and higher) order remains the same. In the long wavelength limit γ ≪ 1 the Born term dominates, and the second order correction is subleading of order O(γ 4 ). For large γ (small scales) just as in the Maxwell-Boltzmann and Fermi-Dirac statistics, and quite generally, for u ∼ 0 the integral of the kernel yields a contribution ∼ γ 4 u 4 , therefore for large γ the second order contribution begins to be significant at u ∼ 1/γ but at this time the gravitational potential has decayed significantly for γ ≫ 1. Although the long range memory of the kernel maintains information on the initial values of the gravitational potential, but suppressed by a power 1/γ. Therefore the second order correction becomes significant for large γ (small scales) but is also suppressed by inverse powers of γ, and hence is always perturbatively small.
It must be noticed that because of its longer range, the second order correction for bosons is comparatively larger to that in the Maxwell-Boltzmann and Fermi-Dirac case.
We have studied numerically the transfer function for both initial conditions and compared the exact numerical solution of Gilbert's equation to the Born term and the second order correction. Both cases are qualitatively similar. Fig. 9 displays the results of the analysis in the case of the initial conditions corresponding to temperature perturbations eq.(4.18). The results for Gilbert's initial conditions eq.(4.19) are qualitatively the same, with a remarkable agreement between the exact numerical solution and the second order improved Born approximation. T (k) for large scales follows from eq.(2.69) and
for bosons. We find that the large scale expression for T (k) eq.(3.20) is also valid in the BE case.
The numerical solution of eq.(3.6) for bosons shows that T (k) both for temperature and for Gilbert initial conditions [eqs.(2.65) and (2.66)] decreases as a power for γ > 6: Again the scale of suppression of T (k) increases with increasing k, from γ 0 ≃ 1.62 . . . for small k to γ B ≃ 2.9 − 3.2 for γ > 6. However, these scales are all of the same order ∼ O(1), evidence of a unique characteristic scale γ char ∼ O(1). Namely, just as in the previous cases, in terms of the wavevector k the relevant scale of suppression is k f s (t eq ).
V. SMALL SCALES: STATISTICS AND MEMORY OF GRAVITATIONAL CLUSTERING
The difference in statistics, namely the distribution function of the decoupled particles, enters in the initial condition and in the non-local kernel of Gilbert's equation (2.47) . The initial conditions are determined from the evolution of perturbations during the cosmological stages prior to matter domination and their dependence on the distribution function may be different from the ones studied in the previous sections, while the kernel in eq.(2.47) is independent of the initial conditions.
The study above revealed a remarkable difference arising from the different distribution functions. We have established that the free streaming solution described by I[α u] has very different asymptotics, falling off exponentially with α u in the case of Maxwell-Boltzmann and as power laws in the Fermi-Dirac and Bose-Einstein cases. Furthermore, the fall-off is much faster for fermions than for bosons. Since the maximum value of u is u = 1 the asymptotic behavior in γ u actually describes the region γ ≫ 1 or scales much smaller than the free streaming scale.
We have also highlighted that the different statistics lead to an important difference in the contributions from the kernel K(u − u ′ ): whereas Maxwell-Boltzmann statistics leads to a short range memory that falls off exponentially in (u − u ′ ) eq.(3.8), both Fermi-Dirac and Bose-Einstein lead to long-range memory that falls off with a power law in (u − u ′ ) [eqs.(4.11) and (4.21)], the smallest power, namely the slowest fall-off corresponds to Bose-Einstein statistics as a consequence of the infrared enhancement (large population at small momentum).
Furthermore, we have shown in the previous sections that the influence of the kernel K(u − u ′ ) (the second order correction) becomes important at small scales (γ > 1). The long-range of the kernel keeps memory of the early stages of the evolution when the gravitational perturbation has its largest amplitude, therefore the long-range nature of the kernel leads to an enhancement of the transfer function and the power spectrum at small scales as depicted in fig. 10 .
We can study the small scale behavior in more detail by focusing on the time scales during which the gravitational potential varies slowly and a Markovian approximation, such as that discussed in section III A is reliable. As discussed above and explicitly shown by the numerical study, for γ ≫ 1 the gravitational potential decays very rapidly over a time scale u ∼ 1/γ, then after evolves slowly until u ∼ 1. In order to gain deeper understanding of the dynamics during this time scale it is convenient to implement a Markovian approximation directly in Gilbert's equation (2.47) . Upon changing variables in the integrand in eq.(2.47) 
The first order equation (5.2) has a simple exponential solution that determines the decaying behavior of the gravitational perturbation, where the effective decay rate of gravitational perturbations Γ[k; u] is given by
3)
The wave-vectors leading to the smaller positive values of the decay rate Γ are the ones that decay the least and for which the power is the largest. This is akin to the criterion that determines the Jeans wave vector in a fluid with gravitational perturbations: the Jeans wave vector separates the stable acoustic oscillations from the unstable, growing modes corresponding to gravitational collapse. This is also the criterion that determines the free streaming wave-vector in Minkowski space-time [37] . For Maxwell-Boltzmann and Fermi-Dirac distribution functions the upper limit in the integrals can be safely taken to infinity for α u ≫ 1, with the result The results above are valid for both Maxwell-Boltzmann and Fermi-Dirac statistics, in these cases the kernel Π[z] falls off fast enough to make its integral finite. This is not the case for Bose-Einstein statistics for particles that decoupled in LTE while ultrarelativistic. In this case the asymptotic behavior of Π[z] ∝ 1/z leads to an infrared enhancement as a consequence of the long-range of the kernel. In this case we keep the upper limit in eq.(5.3) and carry out the integral in z, leading to [50] This infrared enhancement reflects the infrared divergence of the free streaming wavevector in Minkowski space-time found in ref. [37] . The argument of the logarithm in eq.(5.12) clearly reveals that it is the cosmological expansion that yields an infrared cutoff. The larger K Φ (t eq ) leads to shorter free streaming lengths and to more power at small scales because free streaming smoothes out on shorter scales. Therefore, at small scales BE particles that decoupled while relativistic behave as CDM. This conclusion is in agreement with the results in refs. [37, 39] and is borne out in the numerical solution displayed in fig. (10) . In all cases K Φ (t eq ) controls the decay of the gravitational fluctuations Φ(k, u) for small scales and long times. The logarithmic behavior and the consequent increase of K Φ yields an explanation of the enhancement at small scales over the FD and MB cases depicted in fig. (10) .
Comparing statistics and initial conditions:
The analysis presented above clearly indicates the differences arising from statistics and initial conditions. It proves convenient to compare the results of the numerical solution of Gilbert's equations for all cases considered parametrized by the dimensionless ratio γ. This comparison is depicted in fig. 10 for a wide range of γ. The differences from statistics and initial conditions are clearly displayed in this figure, and are in complete agreement with the analysis presented above. For thermal relics that decoupled while relativistic, either FD or BE, the range of scales relevant for structure formation in which the linearized approximation is reliable corresponds to 0 < γ ≤ 6, whereas for WIMPs, the relevant range of scales corresponds to γ ≤ 10 −5 . We have confirmed that in the range of cosmological relevance for all species, the second order approximation (2.111) for T (k) is very accurate and indistinguishable from the exact numerical solution in the range 0 < γ ≤ 6.
As shown in fig. 10 T (k) features zeroes for MB and FD statistics for temperature initial conditions. However the value of γ for FD at which T (k) vanishes corresponds to a sub-galactic scale, and for MB it corresponds to a sub-parsec scale, in either case well outside the regime of reliability of the linearized approximation, hence these features are not relevant for structure formation. Nevertheless, this figure highlights the main aspects discussed above: for a fixed value of γ BE statistics favors the small momentum region, leads to a longer range memory kernel that falls off with a power law and yields the largest T (k) for a fixed value of γ, followed by FD statistics with a (slower) power law fall off and finally the MB distribution with an exponential fall off of the memory kernel and the smallest T (k) for fixed γ.
VI. CONCLUSIONS
In this article we studied the evolution of gravitational and DM density perturbations from the collisionless Boltzmann-Vlasov during matter domination, and obtained an exact expression for the transfer function T (k) for arbitrary distribution function of the decoupled DM particle and initial conditions.
We have transformed the non-relativistic Boltzmann-Vlasov equation into an integro-differential equation which features a non-local kernel that describes the memory of gravitational clustering and yields corrections to the fluid description. This formulation lends itself to a systematic Fredholm expansion for the evolution of DM density and gravitational perturbations and T (k), and makes explicit the influence of the distribution function on T (k).
Distribution functions that favor the small momentum region lead to longer range kernels, a persistence of the memory of the initial conditions and gravitational clustering resulting in an enhancement of T (k) at small scales.
The natural scale of suppression of T (k) is determined by the free-streaming wave vector at matter-radiation equality, k f s (t eq ) = √ 6/l f s (0) where the comoving free streaming wavevector is region yields a longer range memory of the initial conditions and gravitational clustering and an enhancement of the transfer function at small scales as depicted in fig. 10 . This result may prove important in the elucidation of the small scale structure of DM halos and perhaps lead to an explanation of the filamentary structures found in numerical simulations in ref. [52] . The tools provided in this article to study the transfer function for arbitrary distribution functions and general initial conditions, in particular the simple and remarkably accurate approximation to T (k) given by eqn. (2.111) allows a systematic and robust assessment of different DM candidates.
